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ABSTRACT. This paper concerns the description of holomorphic extensions of alge- 
braic number fields. We define a hyperbolized adele class group Sjj for every al- 
gebraic number field K and consider the Hardy space H . [K] of graded-holomorphic 
functions on (3jf . We show that the subspace N.[if] of the projectivization PH. [if] 
defined by the functions of non-zero trace possesses two partially-defined operations 
e and K>, with respect to which there is canonical monomorphism of K into N.[Jf]. 
We call N . [K] a nonlinear field extension of K . We define Galois groups for nonlinear 
fields and show that Gal(N.[L]/N.[if]) 5 QaKLIK) if L/K is Galois. If Q ab denotes 
the maximal abelian extension of Q, Cq the idele class group and N[Q ab ] = PH.[if] 
is the full projectivization then we show that there exist embeddings of Cq into 
Gal(B(N.[Q ab ]/Q) and Gal®(N.[Q ab ]/Q), the "Galois groups" of automorphisms pre- 
serving e resp. ® only. 
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1. Introduction 

Since the introduction of a global understanding of number theory (Gauss, Galois) 
and geometry (Riemann), the idea that the two subjects exist in parallel duality has 
exercised a tremendous pull on mathematical thought. An indication of this conjec- 
tural relationship can be found in the equivalence between (coverings of) Riemann 
surfaces and (extensions of) their fields of meromorphic functions, based on which, 
one can formulate the following meta-principle: 

To every algebraic number field K/Q, there exists a "Riemann surface" Zg- for 

which 

"Mer(Zjf) = K". 

IfLIK is a Galois extension, then is a Galois covering ofLg and 
"Deck(Z L /Z K ) = Ga\(LIK)". 

If we were interested in an extension E over the function field ¥ p n[X], then this 
principle is, suitably interpreted, correct: there exists a curve over ¥ p n whose func- 
tion field is E. This observation was used by Weil to prove the Riemann hypothesis 
for function fields over finite fields 0151 . 

In the case of a number field K, the principle as stated above must be modified, 
as any reasonable notion of "field of meromorphic functions" must contain the field 
of constants C, which cannot be a subfield of K. Thus we might instead ask that K 
generate Mer(Zg- ) over C. The additional freedom afforded by the use of C-coefficients 
motivates a second meta-principle: 

If K 3 ^ is the maximal abelian extension ofK and Cg- is the idele class group 
ofK, then there is a monomorphism 

"Qf - Gal(Mer(Z^ai, )/#)*. 

This second meta-principle - which is true for function fields over finite fields 
upon using rational function fields in place of meromorphic function fields - has 
an important place in Weil's approach to the classical Riemann hypothesis, as the 
following often quoted passage reveals Ifl6l : 

"La recherche d'une interpretation pour C% si K est un corps de nombres, 
analogue en quelque maniere a Interpretation par un groupe de Galois 
quand K est un corps de fonctions, me semble constituer Fun des problemes 
fondamentaux de la theorie des nombres a l'heure actuelle; il se peut qu'une 
telle interpretation renferme la clef de l'hypothese Riemann..." 

Weil's speculation regarding a Galois group interpretation of Ck has inspired new 
approaches to the Riemann hypothesis, e.g. especially that of Alain Connes [3). In 
this paper, we shall give a certain expression to these principles through a hyper- 
bolized version of the adele class group of K. 

Let us consider first a field K of finite degree d over Q. To K we may associate the 
adele class group §>k - P^kKK,+), a d-dimensional solenoid whose leaves are dense 
and isomorphic to a product of the form 

Koo = R r x C s 

where K has r real places and 2s complex places. From Sg- we construct a hy- 
perbolization &k whose leaves are polydisks isomorphic to (IHl 2 ) d and whose distin- 
guished boundary is §>k- See § 321 [3] and [6] for more details. 

For a number field J£7Q of infinite degree, such as the maximal abelian extension 
K &h , the notion of adele class group has not yet, to our knowledge, been defined. In 
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order to redeem the desired properties found in the adele class group of a finite field 
extension, it is necessary to consider a pair of adele class groups that work in tan- 
dem. Representing J£ = limi^, where the K\ are finite degree extensions of Q, the 

(ordinary) adele class group S is formed from lim §>k a by completing its canonical 
leaf-wise euclidean metric, see §4. Since is not locally-compact, we consider in §5 
a compactification Sjr called the proto adele class group of J6 ', arising as the inverse 
limit of the trace maps. We use the hilbertian §>j^ to define the hyperbolization 
and the compact Sjg- to provide Fourier analysis. See §|4j[5] 

The origin of the notion of a nonlinear field comes from an enhanced understand- 
ing of the character group Char(Sg-), described in SJH The character group possesses 
an additional operation making it a field, and there is a canonical isomorphism 

(1) Char(V) = K. 

If we denote by Ik = K^IOk the Minkowski torus, the above isomorphism identifies 

CharOT*-) 3 tf£^0 K 

where t)^ 1 is the inverse different. Thus Char(T^) has the enhanced structure of an 
Or -module canonically extending the ring Ok- The same is true for an infinite field 
extension J£ that is Galois over Q if we use the proto adele class group Sjg-. 

Let f e L 2 (§>k, C) = the Hilbert space of square integrable complex- valued func- 
tions with respect to normalized Haar measure. By Fourier theory, f has the devel- 
opment 

where a e K, a a £ C and (p a e Char(Sg- ), and so the isomorphism (Q} defines an inclu- 
sion K <—>■ L 2 {§>k, C). Cauchy (point-wise) multiplication of functions, when defined, 
is denoted f ® g since it restricts to +k in K. The operation corresponding to x K 
is the Dirichlet product f ®g, and through it L 2 (S>k, C) acquires the structure of a 
partial double group algebra, where partial refers to the fact that the two opera- 
tions are only defined when square integrability is conserved. The departure from 
ordinary field theory begins with the observation that Dirichlet multiplication does 
not distribute over Cauchy multiplication, or to put it differently, the extension of 
multiplication in K to L 2 (S>k, C) no longer defines a Cauchy bilinear operation. See 

m 

An interpretation of L 2 (Sk , C) as boundary values of holomorphic functions on 
&K comes through the introduction of graded holomorphicity, treating, in the style 
of conformal field theory, each notion of holomorphicity on the same footing as the 
classical one. Suppose first that K is totally real. Denote by 0^- = {-,+} d the sign 
group. To each 8 e ®k we associate the Hardy space He[JC] of 0-holomorphic func- 
tions on &k, and every f e L 2 (S>k, C) determines a 2 d + 1 tuple (Fg;Fo) consisting of 
0-holomorphic components and the constant term Fo-ao. In particular, there is an 
isomorphism of Hilbert spaces 

H.[K] := ©H fl fflffiC = L 2 (S K , C). 
e 

The graded Hilbert space H.[if] inherits the partially-defined operations of ® and ®, 
where the Dirichlet product has a homogeneous decomposition with respect to the 
grading of H.[K]. See {JEH 



4 



T.M. GENDRON & A. VERJOVSKY 



When K is totally complex we consider, for each complex place, a pair of order 
four signings: the singular complex sign group C = {^,-,-^,+}, which signs 
points on (Ru iM) — according to the axial component that they belong to, and the 
complex sign set Q = {y^e, -6,-y/^e, +e] which signs points in C - (IR U iU) according 
to the quadrant they belong to. If we denote by 13 = C u D. then there is a sub- 
set 13k c & s with respect to which we may define, for each d e 13k, a Hardy space 
Hq[K ] of 5-holomorphic functions on &k- We obtain in analogy with the real case an 
isomorphism 

H.[K] := He[K] s C = L 2 (§k, C). 

See 98.21 In the hybrid case where K has both real and complex planes we obtain a 
direct sum H.LK"] = H^[if]ffiH^[ii'] consisting of the 0-holomorphic and 5-holomorphic 
parts. 

Since the vector space structure of H.[K] does not descend to K, it is natural to 
discard it by projectivizing. After removing the functions whose trace is defined and 
equal to zero, we obtain an infinite-dimensional affine subspace 

endowed with a partial double semigroup structure induced from ® and and ®, sat- 
isfying the following properties: 

1. Let C[K] be the field algebra (double group algebra) associated to K and 
let N°.[K] <= PC[K] denote the sub double semigroup of elements of non zero 
trace, graded according to the same scheme described above. Then there is a 
graded monomorphism N?[iT| N.[if] with dense image. 

2. The identity id® is a universal annihilator for the product ®: for all f E N.[K ] 
for which f ® id® is defined, f ® id® = id®. 

We call a topological partial double semi-group satisfying these properties an (ab- 
stract) nonlinear number field over K. The ring of integers Ok of K generates in 
turn the nonlinear ring of integers N.[0^] c N.[K], a nonlinear extension of Ok ■ On 
a dense subset of N.Lff], every element may be regarded as a Dirichlet quotient of 
elements of N.[0 K l See 3! 

An automorphism of the nonlinear number field N.[Jf] is defined to be the restric- 
tion of a graded Fubini-Study isometry preserving the operations ffi and ®. Given K 
an algebraic number field, denote by 

Ga\(N.[K]/K) 

the group of automorphisms of N.[K] fixing K; if LIK is Galois, denote by 

Gal(N.[L]/N.[if]) 

the group of automorphisms of IM.[L] fixing N.LK"]. 

Theorem. For all K, Ga\(N.[K]/K ) is trivial. If LIK is Galois, then 

Gal(N.[L]/N.[in) = Ga\(L/K). 

We consider finally the case K = Q. In order to interpret the idele class group Cq 
as a Galois group within this framework, the operations ffi and ® must be decoupled. 
Let us consider N.[Q>] = PH.[Q>], an abstract nonlinear number field containing N.[Q]. 
We show that there exist flows 

[O] : Qoo — Gal e (N.[Q]/Q), m ■ Qoo — Gal.(N.[Q]/Q), 
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where Gal®, Gal® denote the groups of automorphisms of IM.[Q] preserving ®, ® only. 
Using the above theorem with L = Q ab leads to the following 

Theorem. There are monomorphisms 

C - Gal fB (N.[Q ab ]/Q), C - Gal«(N.[Q ab ]/Q). 

These results are proved in CiOl 
Remark: We have recently written some notes 15] which expand on the ideas de- 
scribed in this paper. 

Acknowledgements: We thank Michael McQuillen for having pointed out several 
errors in the original, published version. We would also like to thank the Interna- 
tional Centre for Theoretical Physics, for providing generous support and congenial 
working conditions during the period in which this paper was written. This work 
was partially supported by proyecto CONACyT Sistemas Dindmicos G36357-E. 

2. Solenoids 

We review here a notion fundamental to this paper. References: ID, |6], [7], |10|. 
Let T be a 2 nd countable, Hausdorff space. An n-lamination is a 2 nd countable, 
Hausdorff space L equipped with a maximal atlas of homeomorphisms 

{<p a :L^U a ^V a cWL n xT}, 

in which every overlap <p a p = (f>p °<p~a l is of the form 

0ajs(x,t) = (h a p(x,t), f a p(t)), 

where t >-«■ h a p(-,t) is a continuous family of homeomorphisms and f a p is a homeo- 
morphism. We call L a foliation if T — K k , a solenoid if T is a Cantor set. 

Let be a chart, DcR" an open disk, T'cT open. A flowbox is a subset of the 
form (p~ 1 (D x T'), a flowbox transversal a subset of the form </> _1 (x x T') and a plaque 
a subset of the form _1 CD x {t}). A leaf is a maximal continuation of overlapping 
plaques: by definition, an ra-manifold. A riemannian metric on a smooth lamination 
is a family y = {jg) of smooth riemannian metrics, one on each leaf (, which when 
restricted to a flowbox gives a continuous family t >-» yt of smooth metrics. If L has 
the structure of a topological group such that the multiplication and inversion maps 
take leaves to leaves, L is called a topological group lamination. If in addition L is 
smooth and the multiplication and inversion maps are smooth along the leaves, L is 
called a Lie group lamination. 

Let B be a manifold, F a 2 nd countable Hausdorff space, p : n\B HomeoCP 1 ) a 
representation. The quotient 

by the action a ■ (x, t) = (a ■ x, p a (t)) is a lamination called the suspension of p. The 
projection L p — B displays L p as a fiber bundle with fiber F, and the restriction of 
the projection to any leaf is a covering map. 

The solenoids considered in this paper are modeled on the following example. Let 
B — J d = the d -torus and let F = Z d = the profinite completion of Z d . Let 

p:jriT d = Z rf — ►Homeo(Z rf ), p„(m) = m-n 

for n £ Z d and m e Z d . The associated suspension is called the d-dimensional torus 
solenoid t d . Its leaves are its path components, are dense, and may be identified 
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with R d . Moreover, J d is a compact, abelian, Lie group solenoid, and the additive 
group U d sits inside as the path-component/leaf containing the identity. 

One can extend the definition of a lamination to include infinite dimensional 
leaves modeled on a locally convex topological vector space V. If V is a Hilbert space, 
we say we have a Hilbert space lamination. If V = IR W with the Tychonoff topology, 
we call it an W" -lamination. For Hilbert space laminations, one may use the Frechet 
derivative to define smoothness, for R w -laminations one uses the Gateaux derivative. 
One may make sense of all other notions discussed above in the infinite-dimensional 
setting. 

3. Adele Class Groups I: Finite Field Extensions 

The material here is classical and can be found in standard texts on algebraic 
number theory: O, (8), [11], [13]. We review it in order to fix notation. 

Let K be an algebraic number field of degree d over Q, Ok its ring of integers. 
If if is Galois over Q we denote by Ga\(K/Q) the Galois group. By a local field, we 
mean a locally compact field. A local field of characteristic is either U, C or a finite 
extension of Q p = the field of p-adic numbers. 

Let v : K — > K v be an embedding where K v is a local field (necessarily of charac- 
teristic 0) and v(K) is dense. Embeddings that are related by a continuous isomor- 
phism of target fields different from complex conjugation are deemed equivalent, 
and an equivalence class of embedding is called a place. When K/Q is Galois, we 
view a e GalCKVQ) as acting on the left of the places via ov := voa. In practice, we 
shall use the word place to mean a representative of an embedding equivalence class, 
and we will write q v for v{q), qeK. 

When K v is isomorphic to U or C, v is said to be a real or complex infinite place. 
If K has a complex place \i, then there is an element cr con j e AutCK"), called C- 
conjugation, such that o- con j^ = Ji: so the complex places come in conjugate pairs 
(p, p). We have d — r + 2s where r = the number of real places, 2s = the number of 
complex places. Let 8?oo - {vi,...Vr,pi,/ii,...,|U s ,/2 s }, where Vj, j = l,...,r are the 
real places and the Hk,P-k,k = l,...,s, are the complex places. When K/Q is Galois, 
the places are either all real or all complex, in which case we will refer to K as being 
either real or complex. 

If v is not infinite, it is said to be finite. The set of finite places will be denoted 
^fir,. If v e £^fj n , then K v has a maximal open subring O v : its ring of integers. We 
note that K v is locally Cantor (totally-disconnected, perfect and locally compact) and 
O v is Cantor. 

Denote 

AToo = {(z v ) e C 3 ^ = C d | z v = z v } = l r xC s = R d . 

Note that ifoo has a canonical inner-product induced from the hermitian inner prod- 
uct on C d , which decomposes as the usual inner product on R r and the usual hermit- 
ian inner-product on C s . K embeds diagonally into via q >-* (q v ) and the image 
of Ok is a lattice in K^. We shall identify K and Ok with their images in K^. The 
quotient 

J K = K^IOk 

is called the Minkowski torus, a torus of (real) dimension d. When K/Q is totally 
complex, Jk also has the structure of a complex torus. 
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The ring of finite adeles is the restricted product 

A? = n' k v 

VE3* fin 

with respect to the O v , v e 2?{ m . By definition, this is the set of all tuples (q v ) in 
which q v e O v for almost every v e S?{ m . A^ n is a locally Cantor topological ring. The 
adele ring is defined 

Ajf is a locally compact ring, and a solenoid as well since it is locally homeomor- 
phic to (euclidean) x (Cantor). K embeds diagonally in A# as a discrete co-compact 
subgroup with respect to addition. The quotient 

§ K = I\ K KK,+) 

is called the adele class group associated to K. 

Given o an ideal in Ok, denote by T a the quotient KoJa, a d-dimensional torus 
covering Ik- 

Proposition 1. §>k is a d-dimensional euclidean Lie group solenoid, isomorphic to 

(1) The inverse limit of euclidean Lie groups 

lim T , 

where a ranges over all ideals in Ok- 

(2) The suspension 

[Koo x 6 K )/0 K , 

where Ok - lim /a. 

Proof. For item (1), see GO, pg. 67. Given (z,f) e Koo x Ok, note that z defines an 
element z = (z ) of lim T a by projection on to each of the factors. Moreover, f is by 

definition a coherent sequence {y a } of deck transformations of the coverings T a — » Tg-. 
Then the association (z,f) >— f-z - (y (z a )) defines a homomorphism x Ok -► §>k 
which identifies precisely the O^-related points, and descends to an isomorphism of 
{Koe x 6 K ) I O k with lim T Q . □ 

By Proposition [lj it follows that the path-component of is a leaf canonically 
isometric to K^; the restriction of the projection S# —■ Ik to is the quotient by 
Ok- We will endow S# with the riemannian metric p along the leaves induced from 
the inner-product on K^. 

For example, if K — Q, then Tq = S 1 and Sq is the classical 1-dimensional solenoid 
obtained as the inverse limit of circles WmZ under the natural covering homomor- 
phisms. 

We now suppose that K/Q is Galois and describe the actions of the Galois groups. 
If z = (z v ) e Koo and a e Gal(if/Q) then cr(z) = (z av ). Alternatively, we can write 

Koo - U®qK A k = &q®qK 

and the action of a on Koo and on A^- is via x ® Q"-* x ® cr(q), where x e R or Aq as the 
case may be. In any event it is clear that Gal(if/Q) acts orthogonally. The action of a 
on Ak may be understood as the product of the actions on K and A^ n . 

Note that the image of Ok resp. K is preserved by a and we induce (leafwise) 
isometric isomorphisms 

a:J K — ►Tx a:S K — ► §k, 
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which are intertwined by the projection p : -«■ Ik in that p o a = a op. This leads 
to representations 

p : Ga\(K/Q) — Isom(Tjc) p : GaltK/Q) — lsom(S x ), 

where Isom(-) means the group of isometric isomorphisms. 

Let L/K be a finite extension of number fields. Any place of L, finite or not, defines 
one on K by restriction. We thus obtain injective inclusions of vector spaces resp. 
rings 

Koo ^ A* n ^ A L in , A K — A L 

which scale inner-products/metrics by a factor of deg(L/K). These maps in turn in- 
duce injective homomorphisms 

(2) T K «- Tl, §k «- §l 

which scale metrics by deg(L/K) and whose images are, in case L/K is Galois, fixed 
by the action of Ga\(L/K). 

We may also define maps in the opposite direction through the trace map Tr^/K : 
L—>K, which, when L/K is Galois, is given by 

Tr L/x (a) = Y. CT(a) > 

a£Ga\(L/K) 

and which has the property that Tr l/k(Ol) c Ok- The trace map extends to a linear 
map Tri,/K ■ L^ -* K^ as follows: if Tr^/jf (z) = w = (w v ) then 

v 1 

where the sum is over v' that restrict to v. Note that if v is a real and v' is complex, 
then complex conjugation enters into the above sum, so that the contribution from 
z v i is 2Re(z v '). We thus induce epimorphisms 

Tr L/K ■ Tl — T#, tr L/K :§> L ^§> K 

which are, in case L/K is Galois, Gal(L/if)-equivariant: Tr l/k oa- Tr lik and Tr lik ° 
o = tr L / K for all a e Ga\(L/K). 

For the extension K/<Q we will write the associated trace map Tr = Tr^/Q, referring 
to it as the absolute trace. The ideal 

d K = {aeK \ Tr(a-0^)cZ} _1 cC> if 

is called the absolute different. 

4. Adele Class Groups II: Infinite Field Extensions 
Let J£ be a field occurring as a direct limit lim K\ of fields K\/Q of finite degree 

e.g. Q = the algebraic closure of Q or Q ab = the maximal abelian extension of Q. 
We may associate to J£ (non locally-compact) abelian groups by taking the induced 
direct limits of inclusions ©: 

(3) limTI^, limSif A . 

The projections S# A -> T#- A induce a projection lim — ► lim Tx A . If the if^, are 

Galois over Q, then the inverse system of Galois groups {GalCKVQ)} acts compatibly 
on the direct systems of tori and solenoids, inducing an action of the profinite Galois 
group Gal(J£f/Q) = lim Ga\(K^/Q) on each of the spaces appearing in ©. 
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Consider also 

limbec, to?^". limA^ A , 

the first a (non locally-compact) topological vector space, the last two (non locally- 
compact) topological rings. Note that we may identify 

limA^ = limtfi^oox limA^, 

since the direct limit maps preserve the solenoid product structure (euclidean) x 
(locally Cantor) of the adele spaces. There are natural inclusions Ox w lim (Kx)oo 
and JC ^- lim A^ A , and 

limT^ A = (bm^AXjoJ/Ojr limS^ = (limA^J/jfT. 

It follows that lim Sk x is a lamination, each leaf of which may be identified with 
lim (Kx)oo- Although lim A^-" is totally disconnected and perfect, it is not locally 
compact since the direct limit maps are not open. Thus lim §k a is not a solenoid. 
An inner-product on the topological vector space lim {Kx)oo is defined by scaling 

the canonical inner-product on each summand {Kx)oo by (degCKVQ)) -1 and taking 
the direct limit. The action of Ox on lim (Kx)oo preserves this inner-product and 
we induce a riemannian metric on lim T% k ■ Similarly, the action of JC on lim A% k is 
isometric along the factor lim (^)oo, and we induce a leaf- wise riemannian metric 
on lim §g- A . 

The completion of \im(Kx)oo is a Hilbert space denoted J^. Write 

Ajr = ifoo>< limA^. 
We define the hilbertian torus resp. the hilbertian adele class group of <X by 

Jx = JCJO.X §x = AxlJt- 

Thus Sjr is a Hilbert space lamination whose leaves are isometric to Jfc'oo- When the 
system is Galois, the Galois actions on the summands of the direct limits preserve 
the scaled inner-products, and we obtain representations 

GalUT/Q) — Isom(T^) GalUT/Q) — Isom(S^). 

Any ideal o c Ox can be realized as the direct limit of ideals ax = a n Ok k • The 
quotient T B = J^/a will be referred to as the hilbertian torus of a. Consider the 
inverse limit 

6,x = limOjr/a 

as o ranges over ideals in Ox- Since ideals in Ox need not have finite index, Ox is 
not compact, or even locally compact. Nevertheless, 

Proposition 2. Ox - hmO^. 
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Proof. Observe first that for any ideal a c Ojr, we have Oj^/a = lim Ox^/a*. If b <= a, 
we have a commutative diagram 



OkJ^x * — Kl /b A 
This allows us to interchange direct and inverse limits and write: 
Ojfr = limOjfr/a = lim ( lim Ox x /aA = lim 6^ 
and the result follows. □ 

Proposition 3. Sjr is isomorphic to 

(1) The inverse limit of hilbertian tori 

limT a 

as a ranges over ideals in Oj^. 

(2) The suspension 

Proof. The spaces appearing in items (1) and (2) are isomorphic by an argument 
identical to that appearing in Proposition [1] That Sj? is isomorphic to the inverse 
limit appearing in (1) follows from the same limit interchange argument used in the 
proof of Proposition [2] □ 

Unfortunately, neither T,x nor Sjr are locally compact. This creates complica- 
tions, since harmonic analysis plays a fundamental role in the linking of the arith- 
metic of J£ and the algebra of the Hilbert space of L 2 functions on §jr. For this 
reason, we consider in the next section compactifications coming from inverse limits 
of tori and solenoids. 

5. Proto Adele Class Groups 

Let J£ = lim K\ be a direct limit of finite extensions over Q. The trace maps induce 
an inverse limit 

= lim Kx, 

an abelian group with respect to addition. This system restricts to one of integers, 
however: 

Theorem 1. Let X be a field containing Q ab . Then 

limO KA = {0}. 

Proof. Let w be a primitive mth root of unity and consider the cyclotomic extension 
K — Q(w). Since K is abelian, by assumption it occurs in the direct system defining 
J£f. The ring of integers Or is generated by 1 and cj j , where 1 < j < d — 1 and d is 
the degree of K/Q. If we take say m = 2 k , then d = 2 k ~ 1 and 

TiW) = £ a{J) = 

o-eGaKif/Q) 
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for each j > 1. On the other hand, Tr(l) = d, so it follows that JriOx) = (d) <= Z. Since 
d can be taken arbitrarily large, this means that the only coherent sequence that we 
may form in the inverse limit of rings of integers is (0, 0, ... ). □ 

Note 1. It is worth pointing out that normalizing the trace map by dividing by the 
degree would not produce a non-trival limit. Indeed, if we let cj be a primitive pth 
root of unity, p a prime > 2, then Tr(0# ) = Z. Normalizing would take us out of 
the integers. Thus, all that survives in the trace inverse limit is a kind of "scaled" 
additive number theory. 

The trace inverse limits 

tjg- = lim J Ka , S^r = lim S Ka 

are called, respectively, the proto-torus and the proto-adele class group of J£ . Each is 
a compact abelian group, being inverse limits of the same. The trace maps are natu- 
ral with respect to the epimorphisms Sg- k -* Tg-^ and induce in turn an epimorphism 

Consider as well the inverse limits 

Jtco = limCiTJoo, A^ = HmAjjP, A^ = limA^. 

Observe that J^oo is a locally convex, (non locally compact) topological vector space 
whose topology is induced from an embedding in R w . Moreover, A^£ and Aj^ are 
abelian topological groups only. Note that 

k x = j^xA*?. 

The space A^! is totally-disconected, perfect but not locally compact. There is a 
natural inclusion X Ajg- and 

Since the action of -X locally preserves the product structure, Sjr is an M. m -lamination. 
When the system is Galois, the trace system maps are compatible with the Galois 
actions and we obtain representations of Gal(J67Q>) on f x and on Sjjr, acting by 
(leaf-preserving) topological isomorphisms. 

Theorem 2. Let X — lim K\ be an infinite field extension containing Q ab . Then the 
covering homomorphisms (Kx)oo — * Jr x induce a continuous monomorphism 

Proof. The inverse limits giving rise to each of -X^ and I \x also give rise to a con- 
tinuous homomorphism .Xoo — ► Tj^. An element in the kernel must be a coherent 
sequence of algebraic integers i.e. an element of lim Ok a ■ By TheoremflJ the latter is 
trivial and the map is an injective. □ 

The map X^ ->■ TTjg- is not surjective since the fibers of the projections IK"a)oo — 
Jk a are not compact. Nonetheless, the image of X^ is dense in the compact tj?. 
Thus Tjg- is laminated by the cosets of the image of X^. In fact, 

Theorem 3. Let X = lim K\ be an infinite field extension containing Q ab . Then the 
trace map inverse systems induce an isomorphism 

— tjr 
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of topological groups. 

Proof. For each K\, the kernel of §>k a -* ^K A is Ok x , hence the kernel of Sjg- -» f je is 
lim Ok a = 0. Since the fibers of the projections §>k a -* Tk" a are compact, the induced 

map of limits Sjr -» Tjjr is surjective. Since each map Sk a — > ^k a is open with 
compact fibers, the limit map Sj^ -► Tjg- is also open. □ 

When Q ab c J£f, there are no exact analogues of Propositions Q] and [H due to the 
lack of a notion of integers in .X . On the other hand, given any subfield K c J£ 
of finite degree over Q, one can find "level-if" suspension structures on f jg- = S^. 
Specifically, it is not difficult to see that the kernel of the projection f —■ Tg- is 
isomorphic to 

Or x tjr/s:, 

where Jj^/k is the inverse limit of tori occurring as the connected components of 
of the kernels of the projections Tl — ► Jk ■ Then 

tjr = [k^x^kxTjcik^/ok. 

These representations are related by homeomorphisms induced by Tr : L — > K , but 
they do not survive the trace inverse limit. Similar "level-if " suspension representa- 
tions are available for Sjr as well. 

The relationship between the proto constructions of this chapter with the hilber- 
tian constructions of the previous chapter is described by the following 

Theorem 4. There are canonical inclusions 

with dense images, which are Gal(J£f V<Q)-equivariant in case the defining system is 
Galois. 

Proof. We begin by defining the inclusion lim (Kx)oo ^oo- Let zx e (-K"ao)oo and 
define x\ <-* (zx) as follows. If A is an index below Ao, project z\ by the appropriate 
trace map to get the zx coordinate. If A is above Ao, we map z^ into (Kx)oo by the 
inclusion (JCa )oo w CK"a)oo and scale by lid where d is the degree of K\IK\ Q . This 
prescription defines a coherent sequence hence an element of . This map clearly 
defines an injective homomorphism of vector spaces lim (Kx)oo <—* <X . By virtue of 
the scaling, this map is also continuous with regard to the inner-product defining 
^oo- Now let {z^ } c lim (Kx)oo be a Cauchy sequence defining an element of J?foo- 
For every index ft, if we let Tr^p denote the trace map from (Kx^oo to (Kp)^, then 
{Tr^jgCz^.)} is Cauchy in (Kp)^. But this means precisely that the image of {z^} 
in JToo is convergent. Thus the inclusion lim (Kx)oo *— extends to JToo. The 
other inclusions are induced by this one. That the images are dense follows from the 
definition of the above map: given any element of Jfoo and any level A, there is an 
element of J^oo agreeing up to level A. □ 

6. Hyperbolizations 

Let K/Q be finite. For each real place v one pairs K v = R with a single factor of 
(0,oo) to form the upper half-plane factor H v = Kx j(0,oo), which we equip with the 
hyperbolic metric in the usual way. 
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For a complex place pair (/i,p), we must alter slightly this prescription in order to 
take into account the complex algebra of the factor 

C(n,ji) = {(z,z)\ zeC} = C. 

In order to do this, it is convenient to regard the factor (0,oo) x (0,oo) to be attached 
to C^p) as being complex. Thus let IB be the complex quarter space 

B = {b = s + iteC\ 0<s,t} 

and define 

= ) x ( b >-b) I z e C, b e B} c (C x B) x (C x (-§)) c C 2 x C 2 . 

Let -iH 2 denote the right half-plane. Then we may identify H( M ^) with H 2 e - iH 2 
via the map 

(z,z) x (b,-b) <-* —(z + z + b- b, z-z + b + b) - (x+ it,s+ iy) = (u,v) 

for z = x + iy. We give H(^p) the product hyperbolic metric coming from this identifi- 
cation, and also write 

(4) H (jU) p ) = H jU ®-iH jU 

so as to be able to refer to the upper and right half-planes associated to (jU, p.). In the 
sequel, a function defined in H^p) will be considered holomorphic if it is holomorphic 
in each of the variables (u,v) - (x + it,s + iy) separately 

Notice that the complex conjugation acting in C(^p) extends to H(^p) by the iden- 
tity in the b variable, and that in the (u,v) variables, acts via 

(u,v)~ (u,v), 

thus defining an (orientation-reversing) isometry of H(p t p). 
Finally, we define the hyperbolization 

h k = <xh£ : = n H vxri H (^> = n H v x (ri H M®-^) = k^x^,^. 

Thus Hk has the structure of a d-dimensional complex polydisk equipped with the 
product riemannian metric. For v a real place we write r v -x v + it v for a point of H v , 
and for fi complex we write 

(Kp,i(p) := ((zp,bp),(zp,-bp)) = (up,Vp). 

We write points of Hk in the form p-rxx where t = (n, . . . , r r ) e are the coordi- 
nates of the "real hyperbolization" and k = ((k i , ic\ ),..., (k s , ic s )) e H R are those of the 
"complex hyperbolization". When K/Q is Galois we have Hk = H^ or H^. depending 
on whether K is real or complex, and the action of GalCKVQ) extends to an isometric 
action on Hk by acting trivially in the extended coordinates. 

The subgroups Ok and K of K^, viewed as groups of translations, extend to trans- 
lations of that are isometries. The quotients 

(5) 1 K = Hk/Ok = (A*) d , &k = (h k xA k ")/k a & K x(0,oo) d 

are referred to as the hyperbolized torus and the hyperbolized adele class group of K. 
(In the above, A* denotes the punctured hyperbolic disk.) For LIK a finite extension 
of finite degree extensions of Q, the canonical inclusions Ik and &k &l are 
isometric up to the scaling factor deg(L/K). If LIK is Galois, the action of Ga\(L/K) 
on Jl and Sl extends by isometries to both of Xl and &l restricting to the identity 
on the images of Ik and &k- 



14 



T.M. GENDRON & A. VERJOVSKY 



In the case of an infinite field extension J£f , one follows the prescription of the 
preceding paragraphs using the hilbertian torus and solenoid Tjv and Sjr- Thus 
Ujs is an infinite product of hyperbolic planes. We obtain an infinite-dimensional 
hyperbolized torus Tjg- and hyperbolized solenoid <S.x upon quotient by Ojg- and JC . 

7. The Character Field 

For G a locally compact abelian group, by a character we mean a continuous ho- 
momorphism % : G — «■ U(l), where U(l) c C is the unit circle. An operation ® on 
characters is defined by multiplying their values, and the set of characters 

Char(G) = Hom cont (G,£/(l)) 

is itself a locally compact abelian group. In the case of interest, the projection Sk -* 
Jk induces an inclusion 

Chardif)— Char(S x ) 
and so we will view Char(Tif ) as a subgroup of Char(S^). If — \\m.K\ is an infinite 
extension over Q, we have a similar inclusion 

Char(f^)-Char(Sjf) 

and corresponding convention. 

The purpose of this section is to give a proof of the well-known identification 
Charts^) = (K,+), and show that this identification may be used to view Char(Sg-) 
as a field, in a way which is natural with respect to the trace maps. 

Lemma 1. Let K/<Q be a finite extension. If we has the property that 

TKwK") c Q>, 

then w e K . 

Proof. First suppose that K is Galois over Q. Let a\,...,ad be an integral basis 
of K , and let A be the d x d invertible matrix whose ij-element is Vj(ai) where 
the vi,...,v^ are the places of K. Then the hypothesis Tr(wiT) c Q implies that 
Aw — q e Q d or w £ A~ 1( Q d . Since K is Galois, it is normal, hence all of the entries 
of A belong to K (see (9)), thus the coordinates of w belong to K. Suppose that 
nevertheless we'K. Then there exists some element oq e GalCKVQ) and a coordinate 
w VQ such that ao(w Vo ) ^ w ao v - Let A v denote the column indexed by a place v (i.e. 
the vector ( v( a i ),..., v( )) T ) so that 

(6) 2> v A v = q£Q rf . 

Acting by oq on this equation fixes q, permutes the column vectors A v , ao(A v ) = 
A a ° v , but does not similarly permute the entries of w. Thus there exists a vector 
w' ^ w, defined w' aQV = ao(w v ), for which Aw' = q, implying that the kernel of A is 
nontrivial (since A(w' - w) = and w' - w ^ 0), contradiction. 

Now suppose that K/Q is not Galois. As in the previous paragraph, fix the basis 
ai,...,arf and note that the columns of the embedding matrix A continue to satisfy 
the vector equation $6$. Let L/Q be a finite Galois extension containing the images of 
K by its places: for example, if one writes K = Q(a) one can take L to be the splitting 
field of the minimal polinomial of a. Note then that LIK is Galois. Then A has 
entries belonging to L, as does its inverse, so that each coordinate of w belongs to L. 
Consider the usual diagonal embedding of vector spaces t : defined by 

t(w) M = w v 
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for each /i an L-place with restriction [i\k = v. In addition, we have the scaled em- 
bedding I : Koo L c 



l(w)ju : 



mult(v) 

where [i\k = v and mult(v) is the number of places having restriction to K equal to 
v. The basis a\, . . . , defines a d x (d[L : if]) matrix, denoted B, whose /ith-column 
is B^ = (t(ai) M ,... ,U( a d)ii) T (here we are identifying the basis elements with vectors 
in Km). Since Aw = q e Q d , we have Bi(w) = q £ Q d and we have the analogue of the 
vector equation ©: 

^((w)^ = q£Q d . 

Note that if /i and // have the same restriction v to K then B^ -B^ . 

Suppose that w does not belong to K. Then i(w) does not belong to L: for if 
((w) - p e L, then by definition of (, for all \i extending the identity place on K, we 
must have p(/3) = p. But the places extending the identity place on K comprise the 
Galois group Ga\(L/K), hence p belongs to the fixed field of Ga\(L/K) i.e. <(w) e K 
viewed as a subfield of L^. But then this would imply that w £ K contrary to our 
hypothesis. 

Since i(w) does not belong to L, there exists cro e Gal(L/Q) and a coordinate 
such that 

Then as before we deduce a vector y, defined y aoii := oo('(w)^), and for which By = q. 
This vector y satisfies y^ = y^ 2 whenever m and \i2 have the same restriction v to 
K, so that it must belong to the image of the diagonal embedding i. Thus there exists 
a vector w' £ distinct from w and which satisfies Aw' = q, again contradicting 
the invertibility of A. 

□ 

Recall that the inverse different of a finite degree algebraic number field K/Q is 
the Ok -module 

O^ 1 = {a £ K\ Tr m (aO K ) db K . 

Note that if L/K is finite and a £ S^ 1 then for all PeOl, 

Tr L/Q (a/3) = Tr m (a- Tr L/K (p)) c Z 

(since Tr^ (/3) c Ok) so that O^ 1 c O^ 1 . Then if Jff/Q is an infinite degree algebraic 
extension, we define 

D^i = limO^ 1 

where the K c JC range over finite subextensions of Q. 

Theorem 5. Suppose that 

fa] K is a finite field extension over Q. TTiew Char(Sjf) possesses a second opera- 
tion ® making it a field and for which their is a canonical isomorphism 

Char(S x ) = K 

which is natural with respect to the trace maps. This isomorphism identifies 
Char(Tjf ) with the inverse different d K ^ and in particular, there is a canonical 
embedding of the ring Ok in Char(T^). 
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b J£ — lim K\ is an infinite extension over <Q. Then Char(Sj^) possesses a second 
operation ® making it a field and for which their is a canonical isomorphism 

Char(S^) = J£ 

which is natural with respect to the trace maps. This isomorphism identifies 
Char(Tjer) with the inverse different ZTjJ. In particular, there is a canonical 
embedding of the ring Ojtr in Char(Tjff ). 

Note 2. The statement that Char(§s:) = (K,+) is classical and has been known since 
the time of Tate's thesis [14]. 

Proof. We begin with [a]. Consider the character on K^, defined 

0£(z) = exp(2jnTr(z)). 

Note that 0^, extends continuously to a character (f> K of Indeed, 0^, is invariant 
w.r.t. translation by Ok and so induces a character Tg- -«■ U(l), which, when composed 
with the projection §>k — ► Tr, defines the extension (f) K . Note that for any finite 
degree extension LIK we have L = (p K o Tr^K- For each a £ K define 0^ by 

0f(z) = if (az) 

(here az is defined for all z £ §>k since is a K -vector space). Then the map 
(7) a-tfi 

defines a monomorphism (K, +) — ► Char(Sg: ). We will show that it is an isomorphism. 
So let (p : §k — * U(l) be any character. Then the restriction to the leaf through 0, 
which is just K^, is of the form 

z >-* exp(2n iTr(wz)) 

for some w £ K^. On the other hand, we may also restrict to the transversal 
through 0, which is just Ok c §k" , where it must factor through some finite quotient 
Oif/a. It follows that is the pullback of a character 

T a =K OB /a—>U(l) 

for some ideal a c Ok- In particular, Tr(wo) c Z which implies that Tr(wK ) c Q, so 
by Lemma [H w = a £ K for some a and <p = 0f\ Thus the map a >-«■ 0^ defines an 
isomorphism between (K,+) and Char(S^). One then pushes forward the product 
operation of K to define ®. Naturality is an expression of the commutative diagram 

L — Char(S L ) 

U ftr^ 

K — Char(Stf) 

whose commutativity follows from the fact that for all aeK, 

Tr2«(0£) = 0£°tr L/if = 0£. 

The map (0 identifies Char(T^) with O^ 1 s Ok so that the restriction of ® to Char(T^) 
makes the latter an Ok -module isomorphic to O^ 1 . 
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To prove |_bj , recall that if LIK is a finite extension of number fields finite over 
Q, then the trace projection Tr^ : Sl — induces an inclusion : Char(S^) 

Char(§£,) of fields. Then the direct limit 

(8) limChar(Sx A ) 

is a field isomorphic to ' . The direct limit © has dense image in Char(Sj^), but 
the latter is discrete since Sg- is compact, so they are equal. Thus every character 
(p is the pull-back of one defined on §k where K/<Q is of finite degree. Again, this 
isomorphism is trace natural. It identifies Char(Tj^) with and so as in the finite 
extension case, the former has a module structure over the subring corresponding to 
O x . □ 

Note that for K = Q>, we have Char(Tqi) is a ring since Dk - Z. On the other hand 
since ?>k ^ Ok for K ^ Q, we see that Char(T^) is strictly larger than Ok', it contains 
Ok as a ring, and is to be viewed as an 0# -module extension of Ok ■ If <X Q ab , then 
= J£f and Char(Tj^) = Char(Sjr), which was anticipated by Theorem[3l 



8. Graded Holomorphic Functions 

Let [i be the unit mass Haar measure on §>k and let L 2 (Sk,Q be the associated 
space of square integrable complex valued functions on The characters {<p a } form 
a complete orthonormal system in L 2 (S>k,C) and so every element f £ L 2 (S>k,C) has 
the development 

f = Y J a a<Pa, 

where {a a ) e l 2 (K), <p a e Char(S# ) and equality is taken w.r.t. the L 2 norm. We note 
that since we are in a Hilbert space, by Parseval's Lemma, we have ||/|| 2 = £|a a | 2 
and so the sum converges with respect to any well-ordering of the indexing set K. 
The space L 2 (Jk ,C) may be identified with the subspace of L 2 (§>k ,C) whose Fourier 
series satisfy a a = for a € D^ 1 . If we restrict f to the dense leaf K^, then we may 
identify (f> a (z) = exp(2;r iTr(az)) = f a and write f in the form of an L 2 Puiseux series 

f(K) = £a a f a . 

Let f,g e L 2 (§>k,C) be given by the developments f = Ha a (p a , g - Y.b a <p a - The 
Cauchy product f © g is defined as the L 2 extension of the point-wise product of 
continuous functions, that is, 



f®g = Y.Ccc'Pa = E E 



provided that the sum on the right converges. In this regard, note that c a is equal to 
the inner-product (f,cr a g), where a a g = Y.^Rba-p'Pp eL 2 (§x,C), hence is an unam- 
biguously defined complex number. Thus the Cauchy product is defined whenever 
the sequence {c a } belongs to l 2 (K). Given f eL 2 (%,C), we denote by Dom s (/') the 
set of geL 2 (§>K,C) for which f ®g is defined. 

The Dirichlet product f ®g will be defined by the development 



(9) 



f®g = Y.da'Pct = E 



E 



a 2 



<Pa 



in 
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provided that it converges. Let us say a few words about what this means. Here, we 
note that for a ^ 0, we have that d a = (f,tag) where x a g = UpeK* b a p-i(l>p, hence is 
well-defined. Consider also the formal expression 

do-ao Y, b a + bo £ a a +aobo. 

aeK* a£K* 

Then we say that the Dirichlet product f®g converges when do converges absolutely 
and the sequence {d a } defines an element of l 2 (K). We denote by Dom®(f) the set of 
functions having defined Dirichlet product with f. 
In terms of the f parameter: 

if* e m = = Lba-m 

a a 

showing that Dirichlet multiplication is commutative and distributive over ordinary 
addition + of functions. It follows that L 2 (S#,C) is a partial algebra with respect to 
each of the operations ffi and ® separately: here, partial refers to the fact that ® and 
® are only partially defined, and when they are, the usual axioms of group algebra 
hold for each operation. When J£ is of infinite degree over Q, the relevant discussion 
applies to the space of square integrable functions on the proto solenoid L 2 (Sj^ , C). 

Note 3. Suppose that K = Q and f,g £ Co(Tq>,C) c Co(Sq,C) with a n -b n -Q for 
n < 0. Then f and g define via a Mellin-type transform convergent Dirichlet series 

D f (y) = Zann-™* D g (y) = Zbnn~ 2my , 

yeU, and 

Dfe g = Df®D g . 

Thus the algebra of zeta functions, L-functions, Dirichlet series etc. is codified by the 
Dirichlet product. 

Now let &k be the hyperbolized adele class group defined in §6. &k is a lami- 
nation whose leaves are d-dimensional polydisks, and so we say that a continuous 
function F : &k — » C is holomorphic if its restriction F\L to each leaf L is holomor- 
phic, or equivalently (since all leaves are dense), if its restriction to the canonical 
leaf Hk = x Hj£ is holomorphic. We recall that holomorphicity in the factor Hl£ is 
defined in terms of the "upper half-plane x right half-plane" multi-variable u x v. 

For each t £ (0,oo) d let S^(t) c &k be the subspace of points having extended 
coordinate t with respect to the decomposition ©. Since Sif(t) ~ S^- we may put on 
§^:(t) the unit mass Haar measure and define for F,G : &k — C the pairing 

(F,G) t = [ FGdfi. 

Definition 1. The Hardy space associated to K/Q is the Hilbert space 
H[K] = |f : &k — C | F is holomorphic and sup(F,F) t < ooj. 

with inner-product (•,•) = sup t (-,-)t- 

Evidently any F £ H[K] has an a.e. defined L 2 limit for t — «■ 0, and such a limit 
defines an element 

dF:=f eL 2 (§k,Q. 
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Using the Fourier development available there, we may write the restriction F\h k as 
follows: if p = t x k e Hg = Hg x (see $6] for the relevant notation) then 

(10) F\m k (p) = ^a a exTp(2niTr(a- p)) = ^a a exp(27rjTr(a-T))exp(27riTr(a-K)) 
where 

(11) exp(2jriTr(a • t)) = ]~[exp(27rza v x v )exp(-2jra v £v) 
and 

(12) exp(2niTr(a-K))= Y[ exp(47rz(Re(a // z fl ))exp(-4jrIm(a^& /J )). 

We will sometimes switch to power series notation and shorten this to 
F\u K (Q) = ^a a Q a = Z^ a V a , 

a a 

where g = exp(2jriTr(p)), £ = exp(2jriTr(T)) and ij = exp(27rz'Tr(ic)). 

By the positive cone in Koo we shall mean the set of x = (x^iz^jZ^)) £ Koo for which 
x v > for all v real and (z^Zy) e B x B for each complex place pair (fi,fl). It is clear 
then that for the series of dlOD to define elements of H[K], we must have that a a = 
for a not contained in the positive cone of Kco. We have that \\F |] 2 = I|a„| 2 and 
hence the correspondence F dF yields an isometric inclusion of Hilbert spaces 

H[K] - lHs k ,C). 

Note 4. In 0121 1. observe that when a is real and positive (i.e. all of its place coordi- 
nates are real and positive), then rj a is a holomorphic function purely of the upper 
half plane variable u = (u^) e HH^ of Hg- i.e. is constant in the right plane variable 
v = (vp) e H(- iH M ). Similarly, when a belongs to the positive imaginary axis, ij" only 
depends on v. In particular, this shows that F\ H c is holomorphic with respect to the 

multi-variable uxve H^.. 

In order to build up from HLK"] a kind of holomorphic extension of K, it will be 
necessary for us to be able to interpret all elements of L 2 (Sk,Q as boundaries of 
holomorphic functions. We shall thus expand upon the Z/2Z-graded (super) conven- 
tion, which has the virtue of regarding holomorphic and anti-holomorphic functions 
on equal footing. 

8.1. The Totally Real Case. We first consider the case K = Q. Let = {-, +} = Z/2Z 
be the sign group and denote by H~ = R x (-oo,0) the hyperbolic lower half-plane, c_ : 
H — ► H" complex-conjugation. Then every element f = Ha q ( g eL 2 (Sq,C) determines 
a triple (F-,F ,F+) 

F+(r) = £ a q exp(2niqr), Fo = ao, F-(t) = ^ a q exp(2niqc-(r)). 

q>0 q<0 

The functions F + (z) and F-(z) are viewed as elements of the Hardy spaces H + [Q] = 
H[Q] and H_[Q] = Hardy space of anti-holomorphic functions on &q. 
Now let K/Q be a totally real extension of degree d. Let 

© K = {-,+}<* =(Z/2Z) d 

and write Cjf = ®k C = C d , whose points are written t = (x Vl + it Vl ,..., x Vd + it Vd ). 
For each e ®k, define 

H e K = {teC k \ (sign(* Vl ),...,sign(* Vd )) = 0}. 
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We associate to a conjugation eg : Ck — ■ Ck, where the coordinates of ce(r) = r' 
satisfy 

OCy . ~\~ X t y . — Xy j ~\~ J I ty j 

for j - l,...,d. The conjugation maps are not holomorphic in t and satisfy for all 
0,01,02 e©*;: 

cg(H K ) = » K and c 01 o C02 = c 01 g 2 . 
A 6 -holomorphic function is one of the form Fo eg, where F : Ck — *■ C is holomorphic. 

Denote by K e those elements a e K whose coordinates with respect to the embed- 
ding K •-► Koa satisfy 

(sign(a Vl ),..., sign(a Vd )) = 

Note that 

Then every element f = Y.a a K a ^L 2 e L 2 (S K ,C) determines a (2 rf + l)-tuple (F g ;F ), 
where for each 6 e ©k, Fg : &k — ■ C is defined as the unique extension to &k of the 
following 0-holomorphic function on H^: 

F g (r) = £ a a exp(27nTr(a-c e (T))) = ^ a a (c g (S)) a 

aeK e a£K e 

where cg(() = exp(27riTr(ce(T))).The term Fq is the constant function ao- 

The Hardy space of 0-holomorphic functions is denoted HeLK"]. The space of (2 d + 
l)-tuples is viewed as a graded Hilbert space: 

H.[K] = (0H fl [X])eC, 
e 

whose inner-product is the direct sum of the inner-products on each of the sum- 
mands. We will often write HLK"] for the summand of H.[if] corresponding to 6 = 
(+,...,+) i.e. the Hardy space of functions holomorphic on in the ordinary sense. 

The Cauchy and Dirichlet products are defined on H.LK"] via boundary extensions 
e.g. F ® G is defined to be the unique element of H.[2f] whose boundary is dF ® dG, 
provided the latter is defined. The Cauchy product does not generally respect the 
grading, but the Dirichlet product has the following graded decomposition law: 

(13) {F®G) e = £ F 6l ®Gg 2 {F®G) = F(1)G(1) - F G . 

0=0102 

8.2. The Totally Complex Case. Now let us suppose that K/Q is totally complex of 
degree d = 2s. In order to extend the ideas in the previous paragraphs in a way com- 
patible with the complex places, we develop a complex theory of signs. We consider 
the singular sign group 

6 c = {v/= -,-v^,+} = Z/4Z 
and say that z e (R U i R) - has singular sign - , - + according to whether z 
belongs to iR+, -R+, -iR+ or R+. 

For points which do not belong to R u iR, we introduce the complex sign set 

D. = {y^£, -£,-v^£,+£}, 

viewed as a c -set in the obvious way. We say that z e C - (IR u iR) has complex sign 
^e,-e,-^e,+e according to whether z belongs to iB, -B, -M or B, where B is 
as before the quarter plane of z = x + iy with x,y > 0. Every cj e fi can be written 
uniquely in the form 

(i) = 9e 
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for 8 e C , and the map 

e:Q-0 c , e(6e) = 6 

is an isomorphism of c -sets. The singular sign group C may be viewed intermedi- 
ate to the "signless" element and the complex sign c -set Q. 

If z,z' have complex signs then the product can have sign e(d))e(a)')e, or else 
it can "overflow" into the neighboring signs: the singular sign ^e(a))e(a)') and the 
complex sign ^/=e(a>)e((i)')e: explaining why we view Q as no more than a c -set . 
We view the union 

U :=0 c uH 

as an abelian "multi-valued group" i.e. a set equipped with the abelian set-valued 
product 

with identity the sign +. We write for d,@i,@2 £ ^5 

d e $i • #2 

to indicate that d is among the possible signs that the product z\zi can assume when 
sign(zi) = @i, sign(z2) = #2- Note that |#i -d%\ > 1 only when #i,#2 e m which case 
l#i • #2 1 = 3. The function e of the previous paragraph extends to 15 by the identity in 
C . 

Consider now the set 

13 K = jfl = (dj) e s | 3a e K such that sign(a w ) = dj for j = 1 s}- . 

Notice that we are only using the first element /i 7 of each complex place pair (fij,flj) 
to define the sign, and that we have that for all K the sign (+,•••,+) e 13k- The 
set-valued product of components induces a set-valued product 

15k * Uk — 2 Ux . 

The map 

e:U* — (0 C ) S 

is defined e(9) = (e(dj)). 

If we define the type of 9 e 13k to be the vector t(d) whose jth component is 1 or £ 
depending on whether dj e C or O, then 

d = e(d)t(d). 

We will denote £ = (£,...,£■) and 1 = (1, . . . , 1), and say that d is complex homogeneous 
(singular homogeneous) if t(d) = e (t(d) = 1). If d is singular homogeneous, we will 
sometimes write d - 0. The singular homogeneous elements form a subgroup 0^ 
with respect to which 13k is a 0^-set. 

Example 1. Let if be the splitting field for X s - 2. Then the sign of any root is 
(modulo ordering of the places) (+, s / = c,-e), so that 15k has inhomogeneous triples. 
On the other hand, if K is the splitting field of X 3 - 1 then all elements of K are 
homogeneous. This is also true of the Gaussian numbers Q(i), where I5q(i) — 15. 

For each d £ 15k we will associate a product of half spaces. For weD and each 
place pair (fi,fi) write 

H ?w) = {(K M >M e€2><c2 | sign(& M ) = w} 
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where we recall that = (z^,b^), see {JH Notice that when a) = +e, H^n) = ^(m>m)- 
We will view these spaces as products of half-spaces in the same way that we viewed 
M(f4,£) as a product of half-spaces, see (HJ in HI For example, when a) = = 
Sji + it^ satisfies s M < and tp > so that we obtain the product of the upper half- 
plane with the left half-plane: 

The points of the first factor are denoted u^-x^ + itp and those of the second factor 
by Vp = Sp + iyp. In the same fashion, we have 

"(7,0 = " h m ® *H„, = -Hp e -iH M . 

Also, for each singular sign 8 eO c , we write 

Then for e 15jc we define the 9-hyperbolic plane as 

7 = 1 

We now define conjugation maps relating these planes. For jc m = (zp,bp) e C 2 and 
8 e & c we define 

Ce(zp,bp) = (zp,8bp). 
This induces a map of H( ftjB ) = {(z,z) x (6,-6) | 2 £ C,6 £ B} such that 

ce(H(^)) = Hf^) = H^). 

Notice that the conjugation maps are not (holomorphic) functions of the half-plane 
variables — Xp + it^,v^ = Sp + iyp. For example, when 8 = s / = , 

c^(xp + itp,Sp + iyp) = (xp + isp,-tp + iyp). 

We have 

for all fli,fl 2 e0 c 

For each 3 £ 13k we associate a conjugation eg : Cg -> C# where the coordinates of 
ca(k) = k' are determined by 

(14) K , „ i = fe^,6^) = fe M y,e(^)6My) 

for fe = l,...,s. Notice that eg restricts to a map eg : H#- — ► HjL A function F : Ck — ► C 
of the shape F = Gocg where G : Ck — ■ C is holomorphic, will be called Q -holomorphic. 

For each £ 13k, denote by K a those elements a whose coordinates with respect 
to the embedding K If oo satisfy 

(sign(a Ml ),..., sign(a Ms )) = 9. 

For 6 £ 6^- and arbitrary 9 £ we have 

(15) K e IT 1 cK 80 . 

In general, we cannot expect a law of the genre 015l > since the complex signs do 
not form a group. We have instead the multi-valued law: 

K Oi. K o 2< - |j K o 
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Every element f e L 2 (S>k ,C) now determines a (|Ojf | + l)-tuple (Fg;Fo) as follows. 
For each d e 15^, : &k — *■ C is defined as the extension to @k of the following 
function on Hk- 

F g (K) = £ a a exp(2jnTr(acfl(ic))) - £ a a (c (ij)) a . 

where cg(j/) = exp(27riTr(cfl(ic))). Observe that the comments found in Note [4] imply- 
that whenever the sign coordinate dj is singular i.e. dj e ® c then Fg is constant in 
one of the corresponding half-plane coordinates u jlj ,v jlj . This explains why we call 
the signs in C "singular". 

We refer to Fg as the S-holomorphic component of f , and the Hardy space of Q- 
holomorphic functions is denoted H^LKl We obtain a graded Hilbert space: 

H.[K] = (0H,m)eC, 
o 

whose inner-product is the direct sum of the inner-products on each of the sum- 
mands. We will write as in the real case H[K ] for the summand of H.[if ] correspond- 
ing to d = 1. 

The Cauchy and Dirichlet products are defined on H.[X"] via boundary extensions 
just as in the real case. When fleflr^we write 

(F ai ®Gg 2 )\g 

for the projection of Fg 1 ® Gg 2 onto the sub series indexed by a £ K s '. Then we have 
the following graded decomposition law generalizing that described in d!31 > for the 
totally real case: 

(16) {F»G) 9 = £ (F ai ®Gg 2 )\g, {F®G) = F(1)G(1) - F G . 



Now consider K/Q a general finite extension. The we obtain a decomposition of 
the form 

(17) H.[K] = H^[K]bH^[K] 

corresponding to the real and complex places (graded accordingly) so that in partic- 
ular, every f e L 2 (S^,C) determines a (2 r + \Uk\ + l)-tuple of functions. 

Note 5. Let K/Q be Galois. Then the action of the Galois group Ga\(K/<Q) induces a 
well-defined action on the sign group ©k (when K is real) and on the "multi-valued 
sign group" 13k (when K is complex) . 

For K real or complex, we have a sub partial double group algebra H.[0#] of 
H.[X"] defined by Fourier series whose indices belong only to Ok- The Hilbert space 
of graded holomorphic functions pulled back from the Minkowski hyperbolized torus 
Ik are denoted 

H.[5*]:=H.R>i 1 ], 

where d^ 1 is the inverse different. This sub Hilbert space is closed with respect to 
the Cauchy product (where it is defined), and is closed with respect to the action 
by Dirichlet multiplication with elements of H.[Ojf] (whenever such products are 
defined). When K = Q, then we have H.[Z] = H.[Tq] is a partial double algebra with 
respect to the Cauchy and Dirichlet products. 
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We now indicate how to extend this construction to infinite field extensions J£7Q. 
Here we use the hyperbolized adele class group 6jr (associated to Sjr) in conjunc- 
tion with the proto adele class group Sjr- A continuous function F : Sjg- — C is 
holomorphic if its restriction to any of the dense leaves is holomorphic. In particu- 
lar, we note that the restriction F\h^ is holomorphic if F is holomorphic separately 
in each factor of the polydisk decomposition = nn v x FIH^p). As in the case 
of a finite field extension, we define Sjr(t) as the subset of &,x having extended 
coordinate t £ (0,oo)°°. The proto compactification of Sjr(t) is a lamination Sjr(t) 
homeomorphic to §>j?. If we let 

&jc = Sjr x (0,oo)°° = U§x(t), 

the Hardy space H[J?T] is defined as the space of holomorphic functions F : &,x ->• C 
having a continuous extension F : —■ C and for which the norm 

\\Ff t = I \F\ 2 d» 

is uniformly bounded in t (where dfi is induced from the Haar measure \i on Sjjr ~ 
Sjr(t)). As in the finite-dimensional case, H[^] is a Hilbert space with respect to the 
supremum of the integration pairings on each Sjr(t). The rest of the development 
follows that of the finite extension case, where the grading is defined for the real and 
complex places separately. 

We summarize the above remarks in the following 

Theorem 6. Let X be a (possibly infinite degree) algebraic number field over Q. 
Then H.[J£f] is a graded Hilbert space equipped with the structure of a partial double 
C-algebra with respect to the operations of © and ®. 

9. Nonlinear Number Fields 

Let K/<Q be a number field of finite degree over Q. Let C[K] denote the vector 
space of formal, finite C-linear combinations of elements in K i.e. expressions of the 
form £a„a where aeK and a a £ C, zero for all but finitely many a. The operations 
+K and ><k extend linearly to C[K] yielding two operations, written © and ®, which 
define on C[K] two algebra structures. We refer to C[K] as the field algebra generated 
by K. To avoid confusion, we use the notation id e = 0^ and id® = Ik; will denote 
the vector space identity, the element of C[K] for which a a - for all a. There exists 
a canonical double algebra monomorphism generated by a >— f a , 

C[K] L 2 (§k,Q=H.[K] 

having dense image. The subspace C[Ojf] of C-linear combinations of integers is 
closed with respect to both algebra structures. These algebra structures are not com- 
patible in any familiar sense as the operations © and ® do not obey the distributive 
law. 

We define a linear map T : C[K ] — C by 

T(/) = X>„ £ C. 

Notice that f ® id e = T(f) ■ id©. The vector space Ik = Ker(T) is an ideal in C[K] with 
respect to the operations of © and ® and the set-theoretic difference 

C*[K] := C[K]-I K 
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is preserved by both of ffi and ®. Denote a typical element of C*[K] by f*. Then for 
any f* we have 

(18) f*®idffi £ C* -id*. 

Let N [X"] denote the image of C*[K] in the complex projectivization PC[JT] of 
C[K]. By virtue of 018D . the operations ® and ® descend to N°[K ], making it a double 
semigroup: a set with two semigroup structures having no a priori compatibility. We 
denote its elements [f]. The sub double semigroup N°[0^] is denned similarly. 

Note that the element [id®] behaves very much like the zero in a field in that it is 
a universal annihilator with respect to ®: for all [f] £ N [iC], 

[f]<8> [id®] = [ids,]. 

Furthermore, the natural inclusions Ok ^ C[Ok] and K CLK"] induce monomor- 
phisms Ok N°[0^] and if N°[if]. These echos with field theory make the dou- 
ble semi-group N [if] a natural paradigm for the ensuing development of nonlinear 
fields. We remark that the preceding comments hold without change for an infinite 
algebraic extension Jf/Q, 

Motivated by the monomorphism K c C[K] <—* H.[K"] we set out to create from 
H.LK"] something akin to a field extension of K by graded holomorphic functions. In 
this connection, we note that the operations ffi and ® restrict to +k and ><k on K, 
and on the other hand, the vector space operations of point-wise addition and scalar 
multiplication do not preserve K. Accordingly, we discard the vector space structure 
by projectivizing, retracing the steps in the construction of N°[X']. 

Here, the trace operator T is not defined on all of H.LK"]. It is unambiguously 
defined on the subspace of functions F having boundary dF lying in the subspace 
^(K ) n l 2 (K) of functions whose Fourier coefficients {a a } are absolutely summable. 
For such elements F £ H.[K] we define T(F) = Y.a a = F(D and denote \k = Ker(T). 
We note that \k is not closed in in H.[2T| and is in fact dense there. The set theoretic 
difference 

H:[K] := H.[K]-\ K 

inherits the grading by restriction. The associated quotient by C*, denoted 

N.[K], 

is an infinite dimensional subspace of the full projectivization PH. [if] which inherits 
B, ® as partially defined operations. The grading gives rise to an arrangement of 
subspaces 

where Ng[K"] = IPHaLK"] n N.[2T|. The canonical monomorphism 

N°[K] — N.[K] 

induced by a >— Q a , has dense image, and the elements of N°[in may be Cauchy or 
Dirichlet multiplied with any element of N . [K] . We also have a monomorphism K <—» 
N.[1T|. Elements of N.[K] will be denoted by [F]. The sub partial double semigroup 
N.fOjf] is defined similarly. These remarks are valid without change for an infinite 
field extension J£7Q. 

The grading of N.[K ] induces one on N°[iiC] and so we write N°[if]. 

Definition 2. A nonlinear number field is a graded topological abelian partial 
double semigroup S. with respect to two operations ® and ® such that 
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(1) There exists a (possibly infinite degree) algebraic number field J£f/Q> and a 
graded double semigroup monomorphism i : N?[J£f] •— ► S. having dense im- 
age. 

(2) The identity id® is a universal annhilator for ®: for all F £ Dom^Cd®), F ® 

idgj = idgj. 

The closure of the image i(N [Ojr ]) is called the nonlinear ring of integers. 

The qualificative "nonlinear" refers to the fact that distributivity in an ordinary 
field is equivalent to the fact that the multiplication map is a bilinear operation. For 
J£f/Q be a possibly infinite degree extension, notice that both N?[J£f] and N.[^?T] are 
nonlinear number fields. In addition the following are also nonlinear number fields: 

- N.[JT| = PH.IJT] = the full projectivization of H.[J5T]. 

- Let W.[J£f] be the projectivization of the subspace of H.[J£f] consisting of 
absolutely convergent series with non-zero trace. Then W.[J?f] is the Wiene- 
rian nonlinear number field associated to X: a full (and not partial) sub- 
semigroup of N.[J£f]. 

We have inclusions <X c N°[^T] c N.[J5T] c W.[JfT] c N.[J5T], the last three of which 
are dense. 

Note 6. In view of Note |3j all of the arithmetic of classical (single variable) zeta 
functions, Dirichlet series, L-functions, etc. is contained in N.[Z]. 

Note 7. The set of Cauchy units U.LST]® form a dense subset of N.[1T|, since it con- 
tains all classes represented by real analytic nonvanishing functions of S#. It is an 
interesting question as to whether the set of Dirichlet units U.^X"]® is also dense, 
and whether there exists an algorithmic procedure to determine the coefficients of a 
Dirichlet inverse analogous to the classical Mobius inversion formula. 

The following theorem says that on a dense subset, N.[^?f] is the "nonlinear field 
of fractions" of N.[Ojr]: 

Theorem 7. Let J6 be a (possibly infinite degree) number field. Then there is a dense 
subset P c N.[J£f] such that for all [F] e P, there exists [A] e N.[Oj^] with 

[A]«[F] £ N.[Ojrl. 

Proof. Let N.[J?f]fi n be the subspace associated to functions whose nonzero Fourier 
coefficients are indexed by a in some fractional ideal Oj^a' 1 c JC , where a c Ojc. 
Consider the sub double semigroup N.[a]. Then given [F] e N.[J?f]fi n whose nonzero 
Fourier coefficients are indexed by Oj^a -1 , there exists [A] £ N.[a] such that [A]® 
[F]gN.[Ojb-]. □ 

10. Galois Groups and the Action of the Idele Class Group of Q 

Let J£f/Q> be a possibly infinite degree algebraic number field Galois over Q. In 
this case, J?f is either totally real or totally complex: in either case we denote by 15 
the sign set. We will also not distinguish J£ from its images in H.[Jf] or N.[^]. 
We will prefer here to represent elements of J£f using the power series notation 
Q a = exp(27iiTr(p • a)) (as opposed to the character notation <p a ), which has the ad- 
vantage of allowing us to interpret Dirichlet multiplication with monomials in terms 
of composition: 

[F]®[Q a ] = [F(Q a )l 
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We denote as in the previous section N.[J£f] = PH.[J?f]. 

Equip N.[J?f] with the Fubini-Study metric associated to the inner-product on 
H.[J£f ]. A nonlinear automorphism Y : N.[J?f] — ► N.[^?f] is the restriction of a graded 
Fubini-Study isometry of N.f^] respecting the operations ®, ® whenever they are 
defined: that is, 

Y([F]©[G]) = Y([F])©Y([G]), Y([F]®[G]) = Y([F]) ® Y([G]) 

and for some permutation i of 15 Y(PH fl [JT]) = PH,( fl) [Jfr] for all Q e 13 X . 

For example, let S£IJt be Galois. Then the Galois group GaKi^A^O acts on H.[if] 

by: 

Za a p a ^Y,a*P a{a) = L**-H a )P a 
for a e Gal(j2?/J£f). This action permutes the coefficient set, hence acts by isometries. 
Viewing the action on .Sfoo, where it simply permutes coordinates, we see that there is 
an induced action on the sign set 13^, so that for any e 13^, we have o"(Jz?°) = ££ a( $\ 
Thus a permutes the grading of H.[J2?]. Finally, a preserves the elements of trace 
zero and commutes with multiplication by elements of C* , hence induces a nonlinear 
automorphism 

o-:N.m^N.m 

that is trivial on N.[J?f]. 

If !£IJt is a field extension of number fields of possibly infinite degree over Q, 
denote by 

Gal(N.m/N.[jr|) 

the group of nonlinear automorphisms of N.[.S?] fixing the sub nonlinear field N.[J£f], 
and by 

Gal(N.[Jn/J£f) 

the group of nonlinear automorphisms of N.[J?f] fixing J£f . 
We recall the following theorem of Wigner [171 . 

Wigner's Theorem. Let H be a complex Hilbert space, PH = (H \ {0})/C* its projec- 
tivization. Let [h] : PH — «■ PH be a bijection preserving the Fubini-Study metric. Then 
[h] is the projectivization of a unitary or anti-unitary linear map h : H — ► H. 

Theorem 8. Let X be a (possibly infinite degree) number field. Then 

Gal(N.m/JT) = {1}. 

Proof. Let a e Gal(N.[J£f]/J?f). By Wigner's Theorem, a is the projectivization of an 
(anti) unitary linear map 

:H.[Jir]— ►rUJST]. 
Since a fixes J6 ' , there exist multipliers X a E U(l) with 

a(Q a ) = X a - Q a . 

But a respects the Cauchy and Dirichlet products, wherein we must have that A is 
simultaneously an additive and multiplicative character: 



clearly possible only for A trivial. 



□ 
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Lemma 2. Let X be a (possibly infinite degree) algebraic number field Galois over 
Q. Given £ 13 j; let F e Hfl[J£f ] satisfy the functional equation 

(19) F(Q r ) = (F(g)) r 

for all r £ M+. Then F £ J£ i.e. there exists a £ X with F(q) = Q a 

Proof. We first consider the case of K — Q. In this totally real case we write F as a 
function of the parameter £ = exp(27r jt) where t = x + iy £ Hq. Assume first that F 
is holomorphic and non constant i.e. F £ H[Q] = Hardy space of holomorphic func- 
tions. We will show that F(() = ( q for some q £ Q+. Let us return to viewing F 
as a holomorphic function of the half-plane variable r. Let to £ Hq c &q be such 
that .PXto) ^ 0. Then there exists a complex number a with exp(27naTo) = F (to). By 
H19t . the functions F (t) and exp(2sriaT) agree on the ray R+ - To hence by holomor- 
phicity they coincide. Since F is a function of &q, it follows that a = q e Q+ hence 
F(<f) = For F £ H_[Q] = Hardy space of anti-holomorphic functions, the argument 
is the same: we use the anti-holomorphic exponential exp(27rmf) and the fact that 
anti-holomorphic functions agreeing on a co-dimension 1 subspace coincide. 

Now let K/Q be totally real of finite degree. Without loss of generality we may 
assume that F £ H[K] = the Hardy space of holomorphic functions. Let A c Hk be 
the diagonal hyperbolic sub-plane, which is the dense leaf of the image of &q under 
the diagonal embedding &q &k- Then by the previous paragraph, the restriction 
of F to A is an exponential 

exp(2niqr) 

for q £ Q+. Let Ai c Hg- be the diagonal 

Ai = {(t,...,t,t)| T,f £ H}=) A. 

For each t fixed, we can (using the same argument employed in the previous para- 
graph) write the function f >-> F(r, . . . ,t, f ) as 

F(r, . . . , t, f ) = exp(27r iqr) ■ exp(2ni j3(r)f) 

where /3(t) £ C. Moreover we have 

F(r ■ (t, , . . , T,f )) = exp(27T j qtt) • exp(27ri j3(r)rf) 

by hypothesis. As we vary t, /3(t) varies holomorphically and we obtain that on a 
real codimension 1 subspace of Ai, 

F(t,..,,t,t) = Fi(t,... ,t,t) :- exp(2niqr) ■ exp(2ni /3(t)t) 

hence they are equal on Ai. But this means that F\ must also satisfy the functional 
equation F\{r -(r,.. . ,T,f )) = F\{r,.. . ,T,f Y , which implies that /3(t) = /3 is a constant. 
Inductively, we obtain that F restricted to Hk is an exponential function, and since 
F is a function of &k , this restriction must be of the form $ a = exp(2;r iTr(a • t)) for 
a £ K+. The case of a totally complex field extension, one of mixed type, or one of 
infinite degree, is handled in exactly the same manner. 

□ 

Theorem 9. Let 5£IJ£ be a Galois extension of (possibly infinite degree) algebraic 
number fields. Then 

Ga[(N.[^f]/N.[JfT]) = GalCSf/JT). 
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Proof. Let a e Gal(N.[^f]/N.[jr]). We begin by showing that a(S£) = S£, where S£ is 
identified with the field of monomials [g a ], a e Z£ . Note first that we have already 
cr(J^) = J£ ' . Since o(i£) is a field, all of its elements obey the distributive law. Thus, 
given any [F] e cr(jz?), since o-([g m ]) = [g m ] £ JC , meN, we have 

[F(g m )] = [F]®[g m ] = [F] ® ([g] ® • • • e [g]) 

= [[F]»[g])e -<b([F] ®[g]) 

= [F(g)]e-e[F(g)] 

= [FT, 

where [F] m denotes the Cauchy ?nth power of [F]. In fact, the same argument shows 
that for any mln £ Q+ 

([F(g m/n )]) n = \F] m . 

We may thus find F £ [F] satisfying the functional equation F{g q ) = (F(g)) q for all 
q £ Q+. By continuity, this extends to K+. Note that since a respects the grading and 
each element of 5£ is homogeneous (is contained in a fixed projective summand) then 

[F] is also homogeneous. Thus, by Lemma [2j it follows that F £ 5£ and o(^£) = 5£ . 
We induce in this way a homomorphism 

n:Gal(N.m/N.[JfT]) — GalCSf/JT), U(o) = . 

Note that n is clearly onto, as we have already observed that any a £ Gal(.S?/J£0 
generates an automorphism of N.fj*?] fixing IM.Mf] via g a >-* g a ^ a '. Suppose now 
that n(ff) = 1 for a in Gal(N.[^f]/N.[Jff]). Then a £ Gal(N.[^f]/^f), but by Theorem 
[H the latter group is trivial. □ 

We now concentrate on the case of a finite Galois extension K/Q and consider each 
of the operations ® and ® separately. We will work with the nonlinear number field 
N.LK"] = PH.LK"]. Let Gal (B (N.[if]/X') denote those isometries fixing K and homomor- 
phic with respect to ® only. Ga\®[N.[K]/K) is defined similarly. 

Denote by UfH.LK"]) the group of unitary operators of H.fiT]- The action of r £ 
by translation in Hg, z >->• z + r, induces an action on H.LK"] by 

<S> r (F) = £a„exp(27nTr(ar))0 a 

for F = Y.aO- a g a , yielding a faithful representation 

— U(H.[X]). 

Proposition 4. The projectivization [<J>] of <$> defines a monomorphism 

m -.Koo - Gb\ 9 {N.[K]/K). 

Proof For [g a ] e K and r £ K^, m r ([g a ]) = [exp(27riTr(ar)) e a ] = [g a ]. For any [F], 

[G] £ N.[1T], let [/], [g] be the projective classes of their boundary functions. Then 
[fl^rd^] ffi [G]) is the element of N.[K] whose boundary function is 



[<&W]®fe]) 



Y,[ a <xiba 2 J exp(2jnTr(ar))£ a 

Y,[ JL a £l iexp(27riTr(air))6 a2 exp(27riTr(a2r))j<' a 



a ai+ai-cc 



= mAin)®m r ([g]), 

which is the boundary function of [OWLF]) ® [^IrCfG]). □ 
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In like fashion, we may define a flow on N.[K ] respecting ® as follows. For a vector 
z £ Koo we denote by log|z| the vector 

(log|z n |,...,log|z v J) 

when K is real, or when K is complex 

(log |2 W | , log |2 W | . . . , log |z Ms | , log \Zn s |) . 

Then for F = £ a a a p" we define 

¥ r (F) = ^ a„exp(2^jTr(rlog|a|))e a . 

This defines a faithful representation 

— U(H.[K]). 

The following is proved exactly as Proposition [4) 

Proposition 5. The projectivization U¥] ofW defines a monomorphism 

m-.Koo - Gal.(N.[K]/K). 

Recall that the idele class group of Q, Cq, may be identified with K* x Gal(Q ab /Q). 
We have the following Corollary to Propositions |4] and [5] 

Corollary 1. There are monomorphisms 

C Q - Gal ffi (N.[Q ab ]/Q)), Cq - Gal 8 (N.[Q ab ]/Q). 

We end by noting that the above structures have an interpretation within the von 
Neumann depiction of quantum mechanics. The space N.LK"] may be viewed as the 
space of states of a quantum mechanical system with d degrees of freedom. We view 
each of the flows $ and ^ as generating the coordinate observables of two distinct 
physical systems and write 

<t> r = exp(2jri<if e ,r», ¥ r = exp(27nCH®,r>), 

where H® = diag[q] q£ K and H® = diag[log|q , |] gE if are the associated (vector-valued) 
Hamiltonian operators. The set of stationary states for each of H® and H® is the 
field K. 

Each [F] e N.[K] defines a Cauchy multiplication operator M e ([F]) and a Dirich- 
let multiplication operator M«([F]). It is easy to see that if [F] has a representative 
F whose Fourier coefficients are real, then M®([F]) defines an observable i.e. the pro- 
jectivization of a self-adjoint operator of H.LK"]. This is not true of M®([F]) due to the 
fact that the Haar measure on §>k - which we use to define the Hardy inner-product 
- is invariant with respect to addition but not multiplication. This suggests that 
regarding the system defined by H®, it may be more natural to use the Hardy space 
of functions holomorphic on a hyperbolized idele class group C% (with its multiplica- 
tively invariant Haar measure). A formal computation shows that the operators 
M®([F]) are self-adjoint for the "idelic" Hardy inner-product when the Fourier coefi- 
cients of some representative F are real. We suspect that the eigenvalues of M®([F]) 
are equal or related in a straightforward manner to the imaginary parts of the zeros 
of a meromorphic extension of a Dirichlet type series corresponding to [F]. 
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11. Appendix: Errata to the Published Version (4p| 
In what follows, the revised version (that is, this version) is denoted [R]. 

1. The definition given of nonlinear number field was erroneous. On page 582, line 
15 of [4p] the definition of C*[K] should read: 

(20) C*[K] = C[K]-I K 

and not "C[K ]/Ik"- This correction must be carried out in the more general definition 
e.g. on page 586 line 30 of (4pJ it should read H*LK"] = H.[K] - \k, where \k is the 
kernel of the trace map on its domain of definition. See §9 of [R]. 

2. The discussion of the Dirichlet product structure of Char(S^) (part 1 of Theorem 
5, page 581 of (4p)) was incomplete. See §7 of [R]. 

3. In part 2 of Theorem 5 of (4p), the additive group (Ok , +) was mistakenly identified 
with the character group Char(Tg- ) of the Minkowski torus Jr. Rather, it is the 
inverse different d^ 1 => Ok which is identified with Char(Tg- ). The character group 
Char(T^) is thus an Ok -module extension of Ok- See See §7 of [R]. 

4. On line 15, page 583 of |4p], it was incorrectly asserted that the Cauchy and 
Dirichlet products are fully defined on the Hilbert space L 2 (S^,C). These operations 
only extend partially so that for each element f e L 2 (Sg:,C) one must specify the 
Cauchy and Dirichlet domains Dom (B (/'), Dom^f) of elements g for which fmg resp. 
f ®g make sense. The definition of nonlinear number field, which appears in Defini- 
tion 2 on page 587 of [4p |, must be adjusted accordingly by replacing everywhere the 
phrase "double semigroup" by "partial double semigroup" to take into account this 
correction. See §§8,9 of [R]. 

5. The proof of Lemma 1 on page 589 of | 4p] was incorrect. A correct proof can be 
found in §10 of [R] (where it is known as "Lemma 2"). 

6. The discussion of the idele class group found on pages 591-592 of (4p]| is only valid 
for K = Q, so that the idele class group C#- should be replaced by Cq. 

7. Apart from implementing the above corrections, §6 of the revised version [R] 
contains an enhancement of the hyperbolization Hg; (page 579-580 of |4p|). Further- 
more, the 0-holomorphic grading of functions on Hk (described on page 585 of |4p |) 
as been expanded by a complex sign set along the complex places. This is described 
in §8.2 of[R]. 
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